We study semi-classical multi-spin strings in the non-supersymmetric backgrounds of AdS Black Hole and Witten's confining model. We consider constant radius strings with rotations along the isometries of the backgrounds. In the AdS Black Hole, solutions exist only if there is a non-zero spin in the Black Hole part. In contrast with the AdS background, we find solutions which although have no rotation in the S 5 part, have a regular λ expansion in the expression for large energy. In the near-extremal D 3 and D 4 backgrounds, we find that strings have to be located on the confining wall. We also discuss the stability of solutions by considering the fluctuation Lagrangians.
Introduction
Checking AdS/CFT conjecture [1] received a major boost after the plane-wave (BMN) limit of the AdS 5 × S 5 background was introduced [2] . The idea in the BMN limit was that for a certain subset of string states which are parameterized by large quantum numbers there exist limits in which quantum corrections coming from the string sigma model are suppressed beyond the second order.
Shortly afterwards, the BMN limit was understood by a new approach based on semi-classical analysis of strings [3] which gave way to understanding more general cases. The approach was based on considering classical configurations of strings having different charges such as angular momentum along the isometries of the AdS 5 × S 5 and then expanding the string sigma model around the configuration. The BMN limit was reproduced in the limit where the string shrinks to a point and moves with a large angular momentum J along a large circle of S 5 . A considerable amount of work followed in this line [4] - [26] .
A key observation in this approach was that by turning on more and more classical charges, the sigma model corrections are pushed to higher and higher orders which for large charges become more and more unimportant. Such multi-spin configurations were found in [27, 28] for which the classical energy has a regular expansion in . This led to the proposal that for such states, the classical energy expanded in λ J 2 ≪ 1 could be compared to the corresponding quantum anomalous dimensions in perturbative SYM theory. The proposal was verified in a series of papers using the integrable model techniques on the SYM side [29] - [34] . The main observation in this direction was made in [35, 36] where the authors have shown how to find the eigenvalues of anomalous dimension matrix for large J scalar operators by interpreting the anomalous dimension matrix as an integrable spin-chain Hamiltonian. For further study in this direction see [37] - [50] .
So far people have studied those cases in which the dual gauge theory is supersymmetric. Among the string configurations studied in these backgrounds, for which the classical energy has a regular expansion in λ, all share the property that the strings become ultra-relativistic in the large energy limit and the kinetic energy of the string becomes much larger than the energy coming from its tension, meaning that the strings become effectively tensionless in this limit. It is this property which seems to be responsible for the regular expansion in λ. There is another property which is shared by all but one of the mentioned configurations; they all become supersymmetric in the large energy limit and the number of restored supersymmetries depends on the number of non-zero charges. These strings have been named nearly BPS [51] . The only known exception is the pulsating string studied in [34] for which the regular expansion occurs in the absence of any SUSY restoration. This second property seems to be responsible for the sigma model quantum corrections to the classical energy to vanish in the large energy limit.
One might wonder if a similar scenario holds for non-supersymmetric cases. In particular one would like to know if there are string configurations in such backgrounds for which the classical energy can be matched to a perturbative computation of the anomalous dimension of operators in the dual YM theory. Starting with a non-supersymmetric vacuum, one will not have nearly BPS strings and thus it will be interesting to see if the quantum corrections survive in the large energy limit. Another interesting question is whether one can find any integrable system relations as the ones found for the AdS 5 × S 5 case. In fact it is the aim of this article to explore the above ideas for the AdS Black Hole as well as the near-extremal D-brane background. These backgrounds are supposed to be dual to the pure non-supersymmetric gauge theories. We note, however, that at low energies these QCD-like theories have more states with the same mass than the pure gauge theory [52] . It is also worth noting that the spin chain techniques have already been developed in the QCD context for a class of operators which are related to the space-time symmetries [53] - [61] . It would thus be quite interesting if one could find such a structure for the semi-classical strings in the gravity dual backgrounds as it could increase our technical tools approaching these theories.
Although in this article we will not study the integrability structure, we will push this issue one step forward. In particular we shall study circular and folded multi-spin string in the AdS black hole background and circular multi-spin string in Witten's confining model for the cases of near-extremal D 3 and D 4 branes. In all cases we look for solutions where the string has a constant radius.
For the case of the AdS Black Hole it is seen that unlike the AdS 5 × S 5 case, in order to have acceptable solutions for the string we should necessarily have a non-zero spin charge in the Black Hole part. This makes the relation of energy in terms of the spins difficult to find in general and we find it only in certain limits. The stability check of the solutions will also become more involved than the AdS case partly because of the same reason. For all the solutions one must make sure that the string remains outside the horizon of the black hole i.e. with r greater than the radius of the horizon r H .
For the case of the confining model one should also be careful that the string remains outside the confining wall. But this time the string can have rotations which take place only in the S 5 (in the case of D 3 brane) and S 4 (in the case of D 4 brane) and have no rotation in the other part of the space. It turns out that constant r solution for the string only exists in the radius that defines the confining wall where although there is no horizon, some components of the metric blow up and hence the expansion of the sigma model around this point would be problematic. One thus needs to make a proper change of variables near this point.
The organization of the paper is as the following: in section 2 we study circular string which rotates in the AdS Black Hole and find the criteria for having stable solutions by finding the fluctuation Lagrangian. In section 3 we study strings which also rotate in the S 5 part of the metric and for special configurations we obtain the Lagrangian of fluctuations. In section 4 we consider a folded string in this background. In section 5 we study the Witten's confining model by considering the near extremal D 3 and D 4 branes and we also make a stability analysis for the D 3 brane case. In the last section we present our conclusions.
Circular Rotating String in AdS Black Hole
In this section we shall study circular string which rotates in the AdS Black Hole. It is supposed that this background provides the gravity description of the finite temperature N = 4 SYM theory. The gravity solution of AdS Black Hole is given by [62, 63, 64] 
where M is related to the Black Hole mass and for high temperature we have M 2 /R 2 ∼ (RT ) 4 with T being the temperature [64] . This metric is asymptotic to AdS 5 in global coordinates and the boundary of this gravity solution where the gauge theory lives is S 1 × S 3 . This solution provides gravity description of the finite temperature of N = 4 SYM theory on S 1 × S 3 . To begin, we shall first focus on the deformed AdS side of the metric. The isometries of this part which are manifest in (2.1) are related to translations in the t,φ 1 and φ 2 directions. Thus for any string configuration, parameterized by τ and σ, on this background we are guaranteed to have three commuting conserved charges related to these isometries.
Solution
Let us now consider the following ansatz for the string configuration in the above background
where the coordinates r and θ must satisfy the following equations of motion 4) and the conformal gauge constraint
For generic values of ω 1 and ω 2 , this ansatz describes a classical string which is stretched along r and θ and rotates in the φ 1 and φ 2 directions. For constant r solutions the string will become folded along θ whereas for constant θ it will become folded in the direction of r. The corresponding conserved charges are 6) where dot represents the derivative with respect to τ . Here E is the energy associated to the string and S 1 and S 2 are the spins coming from the rotations in φ 1 and φ 2 respectively. To find a solution which describes a string wound around θ, we make the assumption that the angular velocities of the string rotations in φ 1 and φ 2 directions are equal
then the equation for θ becomes simple
We can now use (2.8) to solve θ ′ in terms of r, and what we are left with is similar to the problem of a particle moving in a one dimensional potential, r ′ 2 + V (r) = 0, with the potential given by
We should now look for periodic solutions for this problem. In order to have a periodic solution for r, the form of the potential V (r) dictates the condition
Assuming this condition we recognize two distinct cases to be considered as the following.
Case I : c = 0
In this case, since θ =const and with a global SO(3) rotation one can put the rotating string in a single plane, the string has effectively a single spin. This is exactly the case studied in [9] in which the string is folded in the radial direction with the turning points at r ± which are the zeroes of V (r)
Here one should also impose an extra constraint
It is easy to show that the string rotates outside the horizon i.e.
This means that the string is orbiting the origin. In the limit where
2 ), the two turning points coincide and the folded string shrinks to a point and the solution describes an orbiting particle with the orbit located at r
2 . It was shown in [9] that the energy dependence on the spin for the point-like string is M independent and for large spin is of the form E − S ≈ √ λ. It was also shown that for long string and in the high temperature limit the relation is of the form E ≈ S with logarithmic accuracy.
When c = 0, the string is no longer folded but winds around the θ direction. In addition it rotates in two orthogonal planes and thus has two independent spins. The r coordinate has two turning points at r ± which are the zeroes of V (r) 14) and now the extra constraint is
One can also see that r − > r H so that the string remains outside the horizon. We now focus on the limit where the turning points coincide at r = r 0 and the string becomes circular and is stretched only in the θ direction. The solutions which satisfy the equations of motion and the periodicity conditions are given as the following
where
Here, m is the winding number of the string around θ. We see that we get two sets of solutions for the plus and minus signs. We also find the following condition for the solutions to exist
One can see that for a given value of k, the plus solution describes a larger string (r 0+ > r 0− ) which rotates with a smaller angular velocity (ω + < ω − ) such that it has a larger spin S + > S − , where
It also has a larger energy
. For both solutions, the spins are bounded from below for a given temperature and it is only in the zero temperature limit that S + → 0 for k → 0 and r 0 → 0 (as in [27] ) and S − → 0 for any finite value of k. One can also see that as k grows from its minimum value of 4m M to infinity, r 0 2 + grows from From now on we focus on the case, m = 1. The generalization to arbitrary m is immediate.
The zero temperature limit of the plus solution reproduces the one obtained in [27] . For our solution and in the large spin limit (k ≫ 1) we find:
This relation does not depend on temperature up to the second term and is exactly the result found in [27] for large spin up to this term. In comparison with the folded orbiting string of [9] , the relation (2.19) shows that the circular string in the large S limit and for a given value of S has a larger energy. Further, the first correction to E − 2S goes like S 1/3 as compared to the constant correction for short and logarithmic correction for long folded orbiting string.
The minus solution does not have a well behaved zero temperature limit, namely, it corresponds to a point-like string located at the origin with zero spin and infinitely large ω and finite energy which is always unstable. While in the finite temperature case where M is non-zero, the point-like string blows up to a circle with finite radius. The value of ω is controlled by temperature and the configuration has a chance for stability. It also has finite energy and spin and in the large spin limit (k ≫ 1 and
2 ) one gets
which does depend on temperature as expected and does not behave well in the zero temperature limit. We note also that for a given S, this solution has a larger energy than the plus one. Moreover, the correction to the leading term in this case behaves as 1 S
. Finally, it is notable that as k (and thus ω − ) grows larger, the radius of the string approaches 2M
2 from above and in the limiting case the circular string coincides with the orbit in which the point-like folded orbiting string rotates.
Fluctuations and Stability Analysis
In this subsection we shall study the stability of the solutions we have found in the previous subsection. To do this we start with the Nambu-Goto action and choose the static gauge, 21) and then expand the action around the classical solution up to the second order in the fluctuations of the fields. We consider the following fluctuations for the fields
The quadratic Lagrangian for the fluctuations will be
where f 0 = f (r 0 ). It is useful to consider the following change of variables,
which simplifies the Lagrangian. Making a further change of variables as,r √
The above action is simple in the sense that the coefficients of the fluctuation fields are constant. The mass term for ρ could become negative and hence one must find the condition under which the solution is stable.
To analyze the stability of the solution we write down the equations of motion resulting from (2.25)
27) in (2.26), we get the following equations
To have a nontrivial solution for z ± ≡ Ω n 2 ± , we must then have f n (z ± ) = 0 where
The extrema of f n (z ± ) are always positive for the plus solution and thus for this case all the roots z + are positive if 31) and this is the stability condition for this solution. For the minus case, a similar straightforward analysis can be done in principle. Note that in the limit where M = 0 (A = 1) and R = 1, all the results for the plus solution will coincide with those for the two-spin string solution in the AdS 5 background studied in [27] as expected.
3 Circular Rotating String in S
5
In this section we will study a string configuration which has rotations in the S 5 part of the metric (2.1) too. The commuting conserved charges in the S 5 part of the metric can be chosen to be the ones related to the translational invariance of the metric in the directions ϕ 1 , ϕ 2 and ϕ 3 . We note, however, that unlike the AdS 5 × S 5 case, the AdS black hole can not support string solutions with trivial deformed AdS part i.e. with t = kτ, r = r 0 , θ = φ 1 = φ 2 = 0. It can be shown that in order to have periodic solutions for r, one has to turn on rotations in the deformed AdS part too.
Solution
Let us consider the following general ansatz for the string
for constant ω, γ 0 , ν and w. The equations of motion are
There is also a conformal gauge constraint which should be accompanied by the above equations
The corresponding conserved charges in the S 5 part of the metric are given by
Part of the equations (3.33) can be solved immediately
In what follows we assume that m = 1. By making use of this solution for the angular parts one finds an equation for r corresponding to a particle moving in a one dimensional potential given by
From the form of V (r), it follows that periodic solutions for r are only possible if
The first constraint shows that we have to have a non-zero ω to get acceptable solutions. We now focus on two distinct cases as the following.
In this case the string has zero winding in the deformed AdS part and by a global rotation one can choose the constant θ to take the value of θ 0 = π 2
. It has effectively one spin in this part of the space. The configuration describes a circular string whose image in the deformed AdS part is folded in the r direction with turning points determined by the zeroes of V (r). In the limiting case where the two points coincide at r = r 0 (point-like string in deformed AdS), one finds the following solution
Note that r 0 is greater than the radius of the horizon, r H . If we set γ 0 = π 2 , then ν is undetermined while J 1 ≡ J = 0 and the conserved charges are:
The relative large k behavior of S and J ′ depends on that of r 0 . In general S is larger than J ′ and they are of the same order only if r 0 has a finite upper bound which turns out to be 2M
2 . In the limit J ′ ∼ S ≫ 1, we get the following expression for energy in terms of S and J ′ :
where f i are complicated functions of S J ′ and temperature. This relation is in structure very similar to the ones for multi-spin string in AdS 5 × S 5 obtained in [37] with the new feature that there is a dependence on temperature now.
Case II : c = 0
For c = 0, the string has non-zero winding in both θ and ψ directions and has two independent spins in the deformed AdS part. There are solutions for which the r coordinate varies between a minimum and maximum which are determined by the zeroes of V (r). We focus on the case where the extrema coincide at r = r 0 such that the potential has a double root at r 0 . For convenience we choose the constant c, such that the winding number around θ is one. The solution is found as
There is also a condition for the solutions to exist
Here again one has two sets of solutions for the plus and minus signs. The solutions are qualitatively very similar to the ones obtained in (2.16). One can see that for given values of k, ν and γ 0 , r 0+ > r 0− , ω + < ω − , S + > S − and E + > E − . We also see that S ± are bounded from below. The plus solution in the zero temperature limit goes over to the multi-spin solution found in [27] and studied in more detail in [37] using integrable systems. The minus solution does not behave well in the zero temperature limit quite similar to the one discussed in section 2.1.1. For both solutions S is in general larger than the S 5 charges in the large energy limit. The reason for this is that in this limit the string size is in general arbitrarily large. There is however a possible case in which the minus solution has a finite r 0− in the large energy limit and the charges are all large and of the same order.
Fluctuations
We now find the quadratic action for the fluctuation fields around the classical solution we found in (3.39) in the gauge t = k τ and ψ = σ. We consider two distinct cases, ν = 0 and γ 0 = π 2 . To find the expansion around θ = 0, we use the following parametrization for the 2-plane dθ 2 + sin 2 θ dφ 2 1 : 45) so that the fluctuating fields around θ = 0 in this 2-plane will be the Cartesian coordinates z 1 and z 2 .
In this case w 2 = 1 and the quadratic Lagrangian is found to be
and
The stability analysis for this case is tough though straight forward and amounts to solving a set of five coupled differential equations for the fieldsr,φ 2 ,γ, α, β.
For this case ν is undetermined and for the 2-plane dγ 2 + cos 2 γ dϕ 2 1 , we use the following parametrization 49) so that the fluctuating fields in this plane are the Cartesian coordinates q 1 and q 2 . The quadratic Lagrangian is
The stability analysis for this case, similar to what we have done in section (2.2), will require to solve a set of four coupled differential equations for the fieldsr,φ 2 , α, β. The analogue of (2.29) in this case will be an equation of order four. For stability, all the roots must be positive. In the large k limit, the quartic equation will become cubic due to the fact that by a field redefinition, one of the fields becomes nondynamical. Apart from the stability issue, one can make a rough judgement on the order of quantum corrections resulting from the fluctuations by looking at the frequency spectrum in this limit. It turns out that the lowest frequencies are of order 1, resulting in a space-time energy correction of order 1/k. This is a first indication of the fact that these corrections to the energy, as compared to the classical contributions, can not be ignored. However, the fermionic fluctuations might in principle cancel the order one corrections and change the story. This issue requires a more careful study.
Folded string in the AdS 5 Black Hole
We now consider folded string in the background described by (2.1). For this purpose we consider the following ansatz for the string
This is a general ansatz describing a string which has all the five conserved rotational charges with different angular velocities and which is folded in the remaining angular coordinates. To make the case simple, let us consider the special case in which
For this ansatz the situation is very similar to the folded string case studied in [30] with the difference that we have to have a nonvanishing ω in order to get periodic solutions for r. The equation of motion for ψ is where ±ψ 0 are the turning points for ψ so that −ψ 0 < ψ < ψ 0 . The equation of motion for r can be summarized in the conformal gauge constraint which reads r ′2 + V (r) = 0 where
The periodic solution for r and ψ is possible only if
For the situation where the string has a constant r = r 0 , we have
It is again easy to see that r 0 > r H . The expressions for the energy and the AdS spin is like the ones in (2.6) whereas for the S 5 rotations (quite similar to the ones in [30] ) we have These equations imply the following relation
The relation between E and J ′ s for different regimes of the charges has been found in [30] as expansions in powers of small parameters, say λ J 2 and it was shown that the folded solution has a lower energy compared to the circular case for a given value of J ′ s. Here, a similar relation can be found in principle but because of an additional spin S, it is much more involved.
Witten's Confining Model
Starting from the finite temperature solution (2.1) for large M one can use a change of variable which reduces the solution (2.1) to a solution with boundary R 3 × S 1 . This solution would provide gravity description of three dimensional gauge theory which exhibits confinement. The resulting solution is the same as that obtained by scaling the near-extremal brane solution [65, 66] .
For the model we are considering the corresponding solution is obtained from the near-extremal D3-brane solution which is given by
where h(r) = 1 − (
For the S 5 we use the following parametrization
Let us consider the following ansatz for the string
The conserved charges associated with translations along the directions t, φ, ϕ 1 ϕ 2 and ϕ 3 are
For the case where w 2 = w 3 ≡ w, the equation for ψ simplifies as ψ ′′ = 0 so that one gets ψ = m σ. For the r coordinate one again finds a one dimensional mechanical system with a potential given by
The equation for γ also gives
One can consider different cases depending on the sign of
For a string with constant r, it can be seen that the solution will be
For this solution we get
For simplicity we set m = 1. One can see that this case is completely analogous to the circular string rotating in the S 5 part of AdS 5 × S 5 background studied in [27] which is quite natural if we note that for r = r 0 , the angular velocity ω, is undetermined and S = 0. Therefore the string effectively rotates only in S 5 that is decoupled from the other part of the metric.
Fluctuations and Stability
In this section we shall study the quadratic Lagrangian of fluctuations around the solution (5.64) with w 1 = w 2 ≡ w, γ 0 = π 2 and m = 1. As was mentioned earlier, the coordinates introduced in (5.62) are not appropriate for expansion around r = r 0 . We thus make the following coordinate transformation [67] dρ ρ = dr r h(r)
The metric (5.62) in the new coordinates reads
with:
By making use of this new coordinate the quadratic Lagrangian in the static gauge (t = k τ and ψ = σ) is found as the following . It is interesting to note that fluctuation Lagrangian to the quadratic order does not depend on φ. The stability in the ρ direction requires that k 2 > 2R 2 ω 2 . For the α and β directions, the Lagrangian is quite similar to the one studied in [27] for a string rotating in S 5 with J = 0 and J ′ ≥ 1 2 √ λ where it was shown that the solution is always unstable by showing that the frequency spectrum contains two unreal modes. The same argument exactly holds in our case too.
Near-extremal D 4 brane
In this section we will study the multi-spin string configuration in the near-extremal D4-brane solution whose gravity solution is is given by
This background has been used to study several properties of pure four-dimensional Yang-Mills theory including quark-anitquark potential, glueballs masses etc [68] - [73] . These results are qualitatively in agreement with what is expected from QCD, though it is, by now, known that in low energies this background gives KK spectrums with the same masses as the glueballs masses and therefore has more states than there are in a pure gauge theory [52] . Nevertheless using this background we would expect to get, at least, some qualitative results by studying semiclassical string in this background. and consider the following ansatz for the string with three spins
The conserved charges associated with translations along the directions t, φ, ϕ 1 and ϕ 2 are with constant c, while for the coordinate r one gets
Suppose that r − and r + are the points where g(r) has an extremum such that r − < r + and r 1 , r 2 and r 3 are the zeroes of g(r) such that r 1 < r 2 < r 3 . In order to see if there exist periodic solutions for r, we consider two distinct cases. If we take ω 2 − k 2 R 2 < 0, it can be seen that r − < 0 and r + > 0. Since g(0) < 0 we conclude that r 1 < 0 and r 2 , r 3 > 0. In this case a periodic stable solution is possible for r with turning points r 0 and r 2 provided that r 2 > r 0 . In the second case we take
R 2 > 0 where r − , r + < 0 and hence r 1 , r 2 < 0 and r 3 > 0. So here the turning points are r 0 and r 3 and again we must have r 3 > r 0 . This latter case for c = w = 0 has been studied in [11] .
To make things simple, we look for solutions with constant r. From the discussion above it is clear that such a solution is only possible for r = r 0 for which the spin S, is zero and ω is undetermined. The solution is then found as
For this solution we also have
The relation between E and J is easily found as
This relation is a modification of the one obtained for multi-spin string rotating in the 3-sphere within S 5 which was studied in [27] .
Conclusion
In this paper we have studied non-supersymmetric backgrounds of AdS Black Hole and Witten's confining model using a semi-classical analysis of strings. For the AdS Black Hole case we first considered strings which rotate in the Black Hole part of the metric. This consists of strings with zero and non-zero winding in the azimuthal angel (θ) of S 3 in the Black Hole. The no winding case reproduces the folded orbiting string of [9] .
The non-zero winding case describes a rotating string with two independent spins. We have focused on the solutions with constant radial coordinate r. This included two sets of solutions denoted by plus and minus solutions. In the plus case, temperature dependence is not crucial. The energy dependence on the spins is quite similar to the AdS case and temperature dependence appears only in and after the S −1/3 term. The radius of the string is unbounded from above and grows arbitrarily large for large values of energy. Thus, it can not become tensionless in this limit and as a result the energy expression does not have a regular λ expansion as seen from (2.19) . The minus solution on the other hand, has a strong dependence on temperature and does not have a smooth zero temperature limit. The radius of the string has an upper bound this time and it can become tensionless in the large energy limit. This is the reason why there is a regular λ expansion in (2.20) . In the absence of the Black Hole, there is always a large S 5 charge required to make this regular expansion possible but here, this happens even without any such charges. It is also amusing to see that taking the formal limit of zero winding of the minus case by sending m → 0, the point-like orbiting string of [9] is obtained.
The above solutions correspond to operators in the dual gauge theory which carry spin. This spin corresponds to the rotational charges of the string inside the Black Hole part of the metric. We may interpret these operators as glueballs in the confining gauge theory. Since the minus case, as opposed to the plus one, does not have a smooth zero temperature limit, one might suspect that the operators corresponding to them appear only in confining phase. So this solution can be considered as an exclusive feature of finite temperature whereas the plus one is only a deformation of the zero temperature case.
We found the fluctuation Lagrangian for the plus and minus cases and obtained the stability criteria for the solutions. These suggest that the solutions are unstable for large spins. Similar to what happens to the orbiting strings, the plus and minus configurations with large energy can lose their energy by giving off their angular momentum to the Black Hole until their energy and spin satisfy the stability criteria. They will eventually stabilize in a finite value of radius, with the difference that the plus string reduces in size in this process whereas the reverse happens for the minus string. The exact stability analysis of the problem requires a more careful study.
We also studied constant radius strings rotating in the S 5 part of the metric. Such solutions exist only if there is a non-zero spin in the Black Hole part. In this case too, we considered the cases of zero and non-zero winding in the θ direction. For zero winding, the radius of the string can have a finite maximum provided that in the large energy limit the charges S and J ′ are of the same order. For this situation there is a regular λ expansion in (3.41) as expected. There can be cases where S ≫ J ′ ≫ 1 for which this behavior is not expected. For non-zero winding there are again two cases denoted by plus and minus solutions. The plus case again does not have a strong dependence on temperature and for it the string is arbitrarily large in the large energy limit. Thus we do not expect a regular λ dependence for it. The minus solution depends strongly on temperature and again for S ∼ J i ≫ 1, the string size is bounded and we expect it to behave as a tensionless string in the large energy limit.
We also found the fluctuation Lagrangian of the zero winding solution for the two cases where J = 0. This can be used to obtain the stability criteria of the solutions and also to find the quantum corrections to energy.
The operators corresponding to the above string solutions, as compared to the ones with zero S 5 charge, carry extra labels. Since there is no SUSY in the dual theory, one can not interpret these labels as the R-charge of the operators. Yet one may attribute them to the Kaluza-Klein nature of these modes. In fact, these could be the extra modes that exist in this theory and are absent in QCD [70] .
As a third case, we studied folded string in S 5 with spin charges S in the Black Hole and J 2 and J 3 in the S 5 parts. The radius of the string in the large energy limit is bounded from above if S ∼ J 2 ∼ J 3 ≫ 1 for which a tensionless string behavior is expected.
The second background that we have briefly studied is the near extremal D 3 and D 4 branes where we considered constant radius strings which rotate in the S 5 and S 4 part of the metric respectively. These solutions are only possible if the string is located on the confining wall. As a consequence, the strings are expected to become tensionless in the large energy limit. We obtained the Lagrangian of fluctuations for the D 3 brane case and found that the solution is always unstable.
There are lots of ways to continue this work. The classical energy expressions for some of the cases studied here can in principle be obtained explicitly although some of them are tough to obtain. One should also find the stability criteria and the quantum corrections to the energy by studying the fluctuation Lagrangians of the solutions. Dealing with non-supersymmetric backgrounds one does not expect the sigma model corrections to vanish for large charges. In fact a primary analysis of the Lagrangian (3.50) shows that the zero point energy of the fluctuating modes results in a quantum correction to the space-time energy of the string which is of order 1 J ′ in the large energy limit and can not be ignored in the quantum corrected version of (3.41) . A more careful study in this direction must include the fermionic modes as well. All through this work we have only considered constant radius solutions. A generalization to varying radius strings, including pulsating ones, might be interesting. Another problem which is very interesting is the possible integrable system relations for these backgrounds. In the AdS 5 × S 5 case a starting point in this direction was the possibility of embedding the metric in a higher dimensional flat space. This may be the case for these backgrounds too. We hope to address this issue in a future work.
